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2 Abstract

In this talk, we study mono-anabelian geometry. In more concrete terms, we prove the following
assertion ([AbsTpllI], Theorem 1.9): Let ko be a number field, k¥ O ko a sub-p-adic field, k an
algebraic closure of k, and Up/kg a hyperbolic curve which is isogenous to a hyperbolic curve of
genus zero. Write kg for the algebraic closure of kg in k. Then we reconstruct group-theoretically

the function field Fnct(Uy x4, ko) from

1— 7T1(UQ X ko ];Z) — 7T1(U0 X ko k) — Gal(k/k) —1

(regarded as an exact sequence of abstract profinite groups) via the technique of Belyi cuspidal-

ization. B B
7'(1(Uo X ko k) —» G&l(k/k) ~ FHCt(Uo X ko ko)



3 Notation

p: a prime number

ko: an NF (finite extension of Q)

k D ko: sub-p-adic (k 3 3 finitely generated/Q,)
k: an algebraic closure of k

ko: the algebraic closure of kg in k

X8 /ko: hyperbolic log curve

Xo: the underlying scheme of X ¢

Ux,: the interior of X%

Xlog & xlog o g,

G < Gal(k/k)

G, & Gal(ko /o)
Thus, X is a proper curve, and Ux, C Xy is a hyperbolic curve

Suppose that Ux, /ko is isogenous to a hyperbolic curve of genus zero.

Today, we consider Xy, Ux,



4 Main theorem

Today, we consider semi-absolute mono profinite Grothendieck conjecture
Main Theorem ([AbsTpIII], (1.9))

We reconstruct group-theoretically the function field Fnct(Ux, X, ko) from

1 —>7T1(UX0 X ko ]{) —>7T1(Ux) — Gk —1

ﬂ'l(Ux) — Gk; ~ FIlCt(UXU X ko ];0)

Remark ([AbsTpllII], (1.9.2))
If k: an MLF (finite extension of Qg,) or an NF, then

7T1(UX) ~ Fnct(UXU X ko Zo)

Remark
If k: an NF (so k = ko), then

7T1(Ux) ~ Gk’o % FIICt(UXO X ko ];‘0)



5 Notation2

We may assume without loss of generality that
e Xy /ko of genus > 2

e kg is algebraic closed in k

Let Sop C X§": a finite subset (cl = “the set of closed points”)
X ¥ Im(Xg — X
X (k) € X! the set of k-value points
S L Im(S, € X8 5 X)

So — = 59

N N

X el

n

Xcl



6 Reconstruct Galois groups

[AbsTpl}, (2.6), (v), (vi),
START: m (Ux)
If k£ is an NF or an MLF, then

m(Ux) ~ m(Ux) - Gy



7 Belyi cuspidalization-1

[AbSTpIT], (3.6)(3.7)(3.8)
START: m (Ux ) — Gy,

We want to reconstruct
{Wl (UX \ T) - 7Tl(UvX)}TgX&lj,: finite subset and

Since Ux, is isogenous to genus 0

Jv Jfinite Galois Q( ]P%Ik:’ \ {07 1a OO}

etale

3 finite l etale
Ux

where k'/k; finite extension

cl
XNF



8 Belyi cuspidalization-2

By the existence of Belyi maps

dfinite Galois

W-
Ik etale EW
3 ﬁniteietale open
Jfinite Galois C 1
P 0,1,00 Ux \T
V etale Q 3k’ \ { ’ } Xr\\
3 ﬁniteJ{etale open
U X U X

where k" /k': finite extension, k" /k: Galois.

By using Belyi cuspidalization,

~ {ﬂ—l(UX \ T) — T (UX)}TQX§IIF: finite subset



9 Belyi cuspidalization-3
By Nakamura (cf. [AbsTpl], (4.5)),

T (Ux \T) ~ {Ip Cmi(Ux \T)}peix\(x\1)) k)

where Ip denotes an inertia group

we consider m (Ux \ T)-conjugacy class of inertia groups

~ Xl(\:llF



10 Decomposition groups

START: m (Ux) — Gy,
o m (Ux xi k) et Ker(m (Ux) — Gy)

Then by using Belyi cuspidalization, we reconstruct

Xl(\:lev {ﬂ-l(UX \T) - 7Tl(UvX)}TgXIiTIF: finite subset

By Nakamura, 71 (Ux ) ~ {Ip C 71 (Ux)} pe(x\vy )

o m(X) € m(Ux)/(Tp [P e (X\Ux)T)

Let 7' C X be a finite subset

By Nakamura, 71 (Ux \ T') ~ {Ip € 1 (Ux \ T)} pe(x\(Ux\ 1))
s {Dp = Npy o) (Ip) € m(Ux \ )} pe(x\wsre

def
~ {Grp)y = Dp/Ip € mi(X)}pex\(ux\1))¢
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11 degree map

. . def
o Div(X{y) = @PEX;\'}F -

o deg: Div(X{p) = Z: Ynp- P Y np-[Gy: Gyp))

def
o X{r(k) = {P € Xy | deg(P) =1}

Note that X9 (k) %< Xg. N X (k)

Then by using Belyi cuspidalization and deg, we reconstruct

{ﬂ-l(UX \ S) - 7T1(UX) T (X) « (X \ S)}SQX]E}F(IC) finite subset
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12 Principal divisors

k

lef :
) = mi(Picx,) I, () 1(X)
) = Wl(PiCX,;) le(Pickg)le(Picﬁ(E)(ﬂ-l(Picﬁ() Gy, ™ (Pick))
where 74 (Picﬁ%) X T (Picﬁ(};) — ﬂl(Picﬁ(ﬁ) denotes the multiplication
we define 71 (Pic’) (n € Z) as well as
o m1(Pick, ) e Ker(m (Picy) — Gi)

We obtain
{sp: Dx Cmi(X\8) = m(X) = m(Pick)} pe(x\(ux\5))e

Let D € Div(X{p(k)), if deg(D) = 0, then sp € H' (G, m (Pick,))
Lemma ([AbsTpIII], (1.6))

D: principal <% 3f € Fnct(X)* s.t. div(f) =D
= deg(D) =0, and sp = 0 in H' (G, m (Pic%,))

def

We obtain PDiv(XgR(k)) = {D € Div(Xgr(k)) | D is principal }
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13 Synchronization of geometric cyclotomes

[AbsTpIIl], (1.4)

o Ax ¥ Hom(H2(m (X3),2),2)
Note that Ay = Z(1)
o (11 (Ux \ {P}) = m1(Ux) = m1(X) < (X \ {P} pexcr g (cf p-11 S = {P})
Let P € Xgp(k)
T (X \{P}) - G~ Ip C (X \ {P}) (By Nakamura)
w m (X \{P)g) € Ker(m (X \ {P}) - Gy)
1= Ip = (X \{P}i) > m(X;) = 1
Note that w1 ((X \ {P})z) — 7$¢((X \ {P})z) is the maximal cuspidally central quotient
o B3 = Wiy (Xg), B (Ip, ) — B (n55((X\ {P)g), Ir)
~ Hom(Ip, Ip) = HO(my (X)), H' (Ip, Ip)) —q01 H2(m (X;), HO(Ip, Ip)) = Hom(Ax, Ip)
~ dOl(id): Ax = Ip
We obtain

{d(id): Ax = Ip Cm(X\ {P})}PEXJSIIF(k:)
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14 Kummer Theory-1
H' (G, Ax )= H'(m (X \ §), Ax) —= Dpes H' (Ip, Ax)

Kummer theory

@res’
U U

= 0% (X\ 5)

kX - O%p(X \ §) ———> PDiv(S)
sub-p-adic | U
= 0% (X \ §) ———> PDiv(S)

U U

k> O%p(X \ §) ——— PDiv(5)

We want to reconstruct k', OLp(X \5)
We use “container” H' (7 (X \ S), M)
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15 Kummer Theory-2

Let S C XL (k): a finite subset

By Hochschild-Serre spectral sequence

H! (G, Ax)—H' (1 (X \ 5),Ax) — Dpes H' (Ip, Ax)

o X HY (G, Ay ) (By Kummer theory) (cf. [AbsTplII], (1.6))

Note that H(Ip, Ax) is isom. to Z

e PDiv(S) < (B peg Z) NPDiv(X (k)

We obtain PDiv(S) C @ pegZ — @D pes H (Ip, Ax)

where Z — H' (Ip,Ax) | 1 — d%(id)~!

o Pyis ©H (m (X )\ 8),Ax) X@,__ 11 (10.0x) PDiv(S) (fiber-product)

We obtain
E;C% PX\S _— PDiV(S)

Note that Py\g = X - OJp(X 1\ 9)
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16 Kummer Theory-3

[AbsTpllI], (1.6)
o 1(P)x et (DP', Ax) (By Kummer theory)
Evaluation section D" — 7 (X \ S) induces

—

Px\s CHY(m (X \ S),Ax) = HY(DF', Ax) = w(P)*
f=f(P)

def —

e Op(X\S)={fePx\s|3Pe XS\ S, In € Zso: f(P)" =1 € k(P)*}
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17 Kummer Theory-4

Let H C G: open
def -
{m(Ux i k') = Gibir ks tinite = {Au(m1(Ux Xk K)) Xout(m (Ux xok)) H = Hbr
Let 7T1(UX X k‘/) —» Gk;f
By the same argument, we reconstruct
o (X % k')\r
o O%p((X\ S)i)
Note that (X x; &)%p 2 Im((Xo %k, k) < (X x5, &)%)

where k{, denotes the algebraic closure of kg in &’

17



18 Kummer Theory-5

- .1 def ;. )
o (Xo xp, ko) = lim, (X xx K'){p

./

def ;.
o O*((Xo\ So)g,) = lim,, OZp((X \ S)w)
Note that
Xg' = XfigC xel
U
U Xfip(k)
U
def c c _ ~
So = (X§' = X5p)~'(9) S

o Fnct(Xg xg, ko)™ f ling O*((Xo\ So)g,): a multiplicative group

We want to reconstruct the field structure of Fnct(Xg xy, ko)™
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19 Order maps, divisor maps, and evaluation
HY (G, Ax)——H'(m (X \ {P}w),Ax) —=H'(Ip, Ax)

(cf. p.15)
OXp (XA A{PHw) CH (m1((X\ S)w), Ax) = H' (Ip, Ax)

induces B
ordp: Fnct(Xg xp, ko) — Z (— H'(Ip,Ax))

o i e Np Ker(ordp) C Fnct(Xg xx, ko)™

e div: Fnct(Xo X, ko)™ — Div((Xo Xk, ko)"): f > p(ordp(f)) - P
e evaluation (cf. p.16)

o —

Px\s € HY(m (X \ S), Ax) — H(DP', Ax) 5 k(P)*

induces B B
Fnet(Xo X, ko)™ — kg U {0} L {0}

f=f(P)
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20 Already reconstructed

START: m (Ux) — Gy,

We already reconstructed
(X0 Xk, ko)<, kg, Fnct(Xo X, ko)™,
ordp: Fnct(Xg X, ko)™ — Z,
Fnct(Xo Xk, ko) — k& U{0} U {oo}: f = f(P))

Next, by Uchida, we reconstruct the field structure of Fnct( Xy x, ko) >

20



21 Uchida-1

We know multiplicative structure of kg def ke U {0}
e 1 € kJ: the unit element
o 1%, kg \ {1} is a unique element s.t. a? = 1
Note that ch(kg) =0
Let a,b € k st. a# —1-b

Then we want to reconstruct a + b € k'
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22 Uchida-2

Note that we know additive structure of Div((Xy x, ko))
Let D € Div((Xo Xy, ko))

o DivT % Divt((Xo xp, ko)) € {32, - @ | ng > 0} C Div((Xo X g, ko))
o HO(D) X {f € Fnct(Xg xp, ko) | div(f) + D € Divt} U {0}
o h'(D) & min{n | IE € Div*, deg(E) =n, H(D — E) = 0}
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23 Uchida-3

Proposition ([AbsTplIl], (1.2))
3D € Div((Xg X, ko)), 3Py, Pa, P3 € (X X, ko) distinct points s.t. the following hold:
(i) h%(D) =2

(i) Pi, Py, Py & Supp(D) “ {w | D = Yo, - a,myz # 0}

(iii) h%(D — P, — P;) =0 (Vi #j€{1,2,3})

Let D € Div((Xg xp, ko)), P1, Py, P3 € (Xo %, ko) distinct points which satisfy (i), (ii),
(iii)
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24 Uchida-4

Proposition [AbsTpIIl], (1.2)

a,beky st.a#—1-b

Af € HY(D), f(P1) =0, f(P2) #0, f(P3)
g € HY(D), f(P1) #0, f(P2) =0, f(P5)
Nh € H'(D), h(P1) = g(P1), h(P2) = f(P2)
In particular, h = f + g and a + b = h(Ps)

a
b

Proof. we consider f
Note that HY(D — P, — P;) =0 C HY(D — P;) € H%(D)
existence: fo € HY(D — P;) \ {0}
by (ii), fo(F1) =0
byd (fii), (iii), fo(P2), fo(Ps) € kg

F L sy fo € HY(D — Py) C HO(D)

uniqueness and h: by (iii)
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25 Uchida-5

Let a,b € k' s.t. a# —1-b
We want to reconstruct a + b € 12:0X
Let D € Div((Xo X, ko)), P1, Ps, P3 € (Xo Xp, ko), and f,g,h € H*(D)
ca+b h(Ps)

Thus, we reconstruct the field structure of

25



26 Uchida-6

Fnet(Xo X, ko) et Fnct(Xo x g, ko)* L {0}
Let f,g € Fnct(Xo Xz, ko)
We want to reconstruct f + g € Fnct(Xq x, ko)
Two different proofs:
e Identity theorem (Note that Supp(f) U Supp(g) U Supp(f + g) is finite)
o O%((Xo\ So)i,) = TTFo
Fnet(Xo xx, ko) < lim O*((Xo \ So)i,)

Thus, we reconstruct the field structure of Fnct(Xy x5, ko)
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27 Supplement-1

K: an algebraic closure
X/K: a proper smooth curve
Then

(X, K*, Fnct(X)*,
ordp: Fnct(X)* — Z,

Fnct(X)* — K* U{0}U{oo}: f+— f(P))

~> the field structure of Fnct(X)*

Remark We can reconstruct if K is infinite (Higashiyama)

27



28 Supplement-2

There exist 2 type of mono reconstruction of additive structures, I think
e Using Uchida’ Lemma
We need base fields K and function fields Fnct(X)
e Using (0,4)
(i) Higashiyama: Let Ux: (0, 3) curve
Then we consider the second configuration space (Ux)2 C (0,3) x (0,3)
Since (Ux )2 is nearly equal to (0,4) x (0, 3)
(0,4) ~~ the additive structure of K

(ii) Hoshi: Let Ux: (0,3) curve

By Belyi cuspidalization, we obtain many (0,4) curves
(0,4) ~~ the additive structure of K

28
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